Contents

1 Classical Digital Signal Processing

1.1 Translations . . . . . . . . ... L
1.2 Fourier Analysis . . . . . . ... .. ... ... .
1.3 Algebras . . . . . . ...
1.4 Convolution Algebra . . . .. .. ... ... ... ... ...
1.5 Ideals . . . . . . . .
1.6 Proof of Linear Algebra Theorem . . . . . . . ... .. ... ...
Problems . . . . . . ...

2 Abelian Groups

2.1 Subgroups and Homomorphisms . . . . . ... .. ... .. ...
2.2 Cyclic Groups . . . . . . . o
2.3 Homomorphisms of Cyclic Groups . . . . .. ... ... .....
2.4 Direct Products . . . . . . . ... ..o
2.5 Factorization of Cyclic Groups . . . . . . . ... ... ... ...
2.6 Multiple factors . . . . . . .. ..
2.7 Consequences of the Fundamental Theorem . . . . ... .. ...
2.8 Proof of the Fundamental Theorem . . . . . .. ... ... ....
2.9 Abelian Group Homomorphisms . . . . . .. ... ... ... ..
2.10 Abelian Group Quotients . . . . . . . .. .. ... ... ..
Problems . . . . . . ..

3 Abelian Group DSP

3.1 Translations . . . . . . . . .. ...
3.2 Group Algebra CA . . . . . . . .. Lo
3.3 Fourier Analysis . . . .. .. .. ...
3.4 Ideal Decompositions . . . . . . . . .. ... ...
3.5 Abelian Group Filters . . . . . . . .. ..o
Problems . . . . . . ...

4 Character Extensions I

4.1 Direct Products . . . . . . . . . .
4.2 Character Extensions . . . . . . . . . . . ... ... .. ......
4.3 Fast Fourier Transform Algorithms . . . . . . .. ... ... ...



vi

CONTENTS
4.4 Orthogonality Relations . . . . .. .. ... ... ... .... 86
Problems . . . . . . . . 87
Nonabelian Groups 91
5.1 Someexamples . . . . . .. ... 0L 91
5.2 Normal Subgroups . . . .. .. ... ... 0oL 95
5.3 Quotient Groups . . . . . . . ... Lo 96
5.4 Commutators . . . . . . . . . ... L 99
5.5 Direct Products . . . . . .. ..o 100
5.6 Semidirect Product . . . . . .. ... o000 103
5.7 Examples: Semidirect product constructions . . . . . .. ... .. 104
5.8 Symmetry groups . . . . . . . oi e e i e e e 111
5.9 Quaternion Group . . . . . . ... L. 114
Problems . . . . . . . . ... 114
Nonabelian Group DSP 117
6.1 Translations . . . . . . . ... . 117
6.2 Group Algebra CG . . . . . . . .. L 120
6.3 Examples . . . . . . .. 122
6.4 Left Ideal Decompositions . . . . . . .. .. ... ... .. 128
6.5 Fourier Analysis . . . . .. .. ... 0o oL 130
6.6 Nonabelian Group Filters . . . . . . .. .. ... ... ... .. 134
Problems . . . . . . . . 135
Character Extensions II 139
7.1 Group Action . . . . . . ... 139
7.2 Character Extension . . . . . . ... ... ... ... ... .. 143
7.3 Maximal Extensions . . . . . . ... ..o L oo 149
Problems . . . . . . . . 153
Abelian by Abelian Semidirect Products 155
81 EXT(G,A) . . . .« e 156
82 ABasisof CGy. . ... .. . 159
8.3 TIrreducibility of CGy . . . . . . .. .. 161
8.4 Expansion Coefficients . . . . . ... ... ... ... ....... 163
8.5 Algorithm for Computing Expansion Coefficients . . . . . . . .. 164
8.6 Orthogonality Relations . . . . .. . ... ... ... .. ..... 167
Problems . . . . . . . . 169
Examples 171
9.1 Group Action . . . . . . . L 172
9.2 Fixed Points . . . . . . ..o 172
9.3 Centralizers . . . . . . . .. ... 173
94 EXT(G1,A) . . . e 174
9.5 BAS(G1,A) . . . . . 176
9.6 Example: Go . . . . . . .. 184



CONTENTS

9.7 Example: G3 . . . . . . . . .o
9.8 Example: G4 . . . . . . .
9.9 Example: G5 . . . . . . . . .o

10 Group Transforms
10.1 Overview . . . . . . . . . e
10.2 Matched Filtering . . . . . . . .. .. ... oL,
10.3 Image Domain Locality . . . . .. .. ... ... ... ......
10.4 Digital Lines . . . . . . . ... .. Lo oL
10.4.1 Abelian group translations . . ... .. .. ... .. ...
10.4.2 Nonabelian group translations . . .. ... .. ... ...
10.5 Spectral Images . . . . . . .. ..o L
10.5.1 Abelian group spectral images . . . .. .. ... .. ...
10.5.2 Nonabelian group spectral images . . . .. ... .. ...
10.6 Group Filters . . . . . .. ... ... o
10.6.1 Abelian group filtering . . . . . ... ... ... ...
10.6.2 Nonabelian group filtering . . . . . . . ... ... .. ...
10.7 Comparisons . . . . . . . ... oo
10.8 Line-like Images . . . . . .. . ... .. oo
10.9 More Examples . . . . . . .. ... o o

11 Application Examples
11.1 Simulation Example . . . .. ... ... ... 000 0.
11.1.1 Problem . . . . . . .. . . . . ..o
11.1.2 Solution . . . . . . . . . . .. e
11.2 Shallow-water mine detection . . . . ... .. ... ... .....

12 Idempotents
12.1 Idempotents . . . . . . v v v i e e e e e e
12.2 Idempotent Systems . . . . . . . .. ...
12.3 Structure of Left Ideals in CG . . . . ... ... ... ......
12.4 Primitive Idempotents . . . . . . .. .. ..o 0oL
12.5 Group Transforms . . . . .. ... .. ... ... ... ..
Problems . . . . . . ..

13 General Character Extensions
13.1 Character Extensions . . . . . . . . .. . . . ... .. .......
13.2 Primitive Characters . . . . . . . . . . . . . . ... ... ....
13.3 Criteria for Primitive Characters . . . . . . . ... .. ... ...

14 Abelian by Abelian Extensions
14.1 Character Extensions . . . . . . . . . . . . . ... .. .......
14.2 Maximal Extensions . . . . . . . . . . ... ... ... ...
14.3 Complete System of Primitive Idempotents . . . . . . . .. ...
144 DSPof K . . . . . . . . e e e e

vii

190
195
202

207
208
210
212
213
218
222
225
225
228
231
231
234
242
247
250

255
255
255
256
266

271
271
272
275
278
279
280

281
281
282
285



viii CONTENTS

15 Mackey-Wigner Algorithm 297
15.1 Construction of Primitive Idempotents . . . . . . . ... ... .. 297
15.2 Mackey-Wigner Algorithm . . . . . . .. .. .. ... .. ... .. 299

16 Semidirect Product Groups AX(B xC) 301
16.1 DSPof G . . . . . . . . e 302

16.2 Computing Expansion Coefficients . . . . . . .. ... ... ... 305



